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CHAPTER 8 MAXWELL EQUATIONS AND PLANE WAVE PROPAGATION
The Lorentz force per unit volume f is
f=pE+JxB (8-94)

ﬁm.wnmmu by eliminating the sources p and J, c&amgmxim_:ga gmxém:
IV in empty space, giving :

1 : 0E
f=¢EV-E+—(VxB i
o toﬁ x B) x B — & % x B (8-95)
Using the relation
0 oE 0B JE
mnaxwvnmnlx_w.*.mxmnlnmﬂx B—E x(VxE)

(8-96)

we can rewrite Equation (8-95) as

o

Tmo@uq.miqx@xE+w|mw<.w+2x B) x B]
0 —

d

lmomﬁ x B) - (8-97)

where B V- B/u, = 0 is added for reasons of symmetry.
The identity

mmmmmg.
[(V x E) x E]; = E; CI&| mlxmv (8-98)

follows &Ro:«. from expansion in Cartesian coordinates. Here and in the
rest o.m this section a sum »m understood over the repeated index j. With this
identity and a similar one involving B, Equation (8—97) becomes

dE; dE; ; ‘
h“moA;ﬂl;...TM.h.i .ml.mwvl_nhmm%mwm._-m.wmw

ox; Jox; 0% Mo\ " 0X ! 9x;

_ g OBy - @ ,

.mu mkwv |mo %AH X w.v_ ﬁ@l%ﬂv

This relation can be reexpressed as
d 1 10 1
fi=¢ — EE, —=6,F*|+—=— -
0 %, ; mm:m + o BB, mwcmw
6]

8 mlnaw x B); (8-99b)

where d;; is the Kronecker delta (6;; = 1fori=jand 6= 0fori #j).

SECTION 8—7 MAXWELL STRESS TENSOR (MOMENTUM CONSERVATION) 361
The Maxwell stress tensor is defined as follows:
Maxwell ! 1 1 2 T— : .
m.:.mmw H... = mo.mm.m.% |T = m_.mh —_— muu mom IT == m AW!HOQV
Tensor Ho 2 Ho
The field momentum volume density is defined as follows:
Field
Momentum Priela = goE X B (8-101)
Density .
In terms of these quantities Equation (8-99b) is
fi= 9T _ Bleriewds (8-102)

@un._. @H

When Equation (8-102) 1s integrated over a finite volume, the
momentum conservation law is obtained. With only clectromagnetic forces
acting, the momentum change of the charges is related by Newton’s second
law to the volume force by .

Rﬁmva“wn_.mnmvm — H,m = h. —”.m &.«\. Am... H@Mv

From the divergence theorem the volume integral of the gradient of the
Maxwell stress tensor in Equation (8—102) can be converted to a surface

integral:

%E%uT.ﬁ% - 1,-ds =§ TS, (8-104)

munu.

Here we applied the usual divergence theorem by thinking of T;; as three
separate vectors T, having components (T); = Tije The volume integral o
Equation (8—102) now becomes

& d .
lemeane. lﬁ—un_ﬁ_.mnm + W:&uvm = % .N;C. am.wg Amluﬁm

Conservation At

The capitalized momenta aré the volume-integrated momentum densities
We see that the total rate of change of momentum has been expressed as ¢
stress force acting over the bounding surface.
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