
∫ +∞

−∞

e−αx2−βx dx =

√

π

α
eβ

2/4α

∫ +∞

−∞

x2e−αx2

dx =
−d
dα

∫ +∞

−∞

e−αx2

dx

∫ ∞

0

xn e−αx dx =
n!

αn+1

∫

f(x)δ(x − a) dx = f(a)

Hψ = i~∂tψ Hψ = Eψ H =
p2

2m
+ V (x) = − ~

2

2m
∂2x + V (x) p = −i~∂x [p, x] = −i~

Particle-in-a-box with V (x) = 0 for 0 < x < L, but V (x) = ∞ elsewhere

En =
(~k)2

2m
ψn(x) =

√

2

L
sin(kx) where k =

nπ

L
n = 1, 2, 3 . . .

3-d: |nxnynz〉 = ψnx
(x)ψny

(y)ψnz
(z) E =

(~k)2

2m
where

#–

k = (nxπ/Lx, nyπ/Ly, nzπ/Lz)

spherical box: R(r) = jℓ(kr) E =
(~k)2

2m
where: kR = zero of jℓ

Harmonic Oscillator with V (x) =
1

2
mω2x2 En = ~ω (n+ 1

2 ) n = 0, 1, 2 . . .

|n〉 = ψn(x) = NnHn(ξ) e
− 1

2
ξ2 where ξ =

√

mω

~
x and Hn is an nth degree polynomial

a− =

√

mω

2~

(

x+ i
p

mω

)

=
1√
2
(ξ + ∂ξ) a+ = a†− =

√

mω

2~

(

x− i
p

mω

)

=
1√
2
(ξ − ∂ξ) x =

√

~

2mω
(a+ + a−)

[a−, a+] = 1 [H, a±] = ±~ωa± H = ~ω
(

1
2 + a+a−

)

a− |n〉 =
√
n |n− 1〉 a+ |n〉 =

√
n+ 1 |n+ 1〉

2-d: (nx + ny + 1) = (2nr + |m|+ 1) 3-d:
(

nx + ny + nz +
3
2

)

=
(

2nr + ℓ+ 3
2

)

Angular Momentum:
#–

L = #–r × #–p [Li, Vj ] = i~ǫijkVk where vector
#–

V = #–r , #–p ,
#–

L |ℓm〉 = Yℓm(θ, φ) − ℓ ≤ m ≤ +ℓ

~L2 |ℓm〉 = ℓ(ℓ+ 1) ~2 |ℓm〉 Lz |ℓm〉 = m~ |ℓm〉 L± |ℓm〉 =
√

ℓ(ℓ+ 1)−m(m± 1) ~ |ℓm± 1〉
L± = Lx ± iLy [L+, L−] = 2~Lz [Lz, L±] = ±~L± [~L2, L±] = 0 [Li,

#–

V · #  –

W] = 0

Spin 1
2 :

#–

S =
~

2
#–σ | 12 1

2 〉 = χ+ =↑=
(

1
0

)

| 12 − 1
2 〉 = χ− =↓=

(

0
1

)

Clebsch-Gordan: |jm〉 =
∑

C(jm; ℓmℓ, sms) |ℓmℓ〉 |sms〉 know how to use table!

Radial Equation: ψ(r, θ, φ) = Yℓm(θ, φ)R(r) R(r) =
u(r)

r
[−~

2

2m

(

∂2r +
2

r
∂r

)

+
~
2ℓ(ℓ+ 1)

2mr2
+ V (r)

]

R = E R

[−~
2

2m
∂2r +

~
2ℓ(ℓ+ 1)

2mr2
+ V (r)

]

u = E u

H atom: H =
p2

2m
− Ze2

4πǫ0r
En = −1

2
mc2

(Zα)2

n2
= −1

2

Z2e2

4πǫ0a0n2
≈ −13.6 eV

Z2

n2
n = 1, 2, 3, . . .

a0 =
4πǫ0~

2

me2
≈ .53 Å α =

e2

4πǫ0~c
≈ 1

137
n = nr + ℓ+ 1 ∴ 0 ≤ ℓ ≤ n− 1 ρ =

√

8m|E|
~2

r =
2Zr

na0

|nℓm〉 = Rnℓ(ρ)Yℓm(θ, φ) where Rnℓ = Nnℓ ρ
ℓ L2ℓ+1

nr
(ρ) e−

1

2
ρ Nnℓ =

2

n2

√

(n− ℓ− 1)!

(n+ ℓ)!

Approximation Methods:

WKB:

∫

k(x) dx = (n− 1
2 )π (two linear turning points) ~k(x) = p(x) =

√

2m(E − V (x))

Rayleigh-Ritz: minimize E =
〈ψ|H |ψ〉
〈ψ|ψ〉

Perturbation Theory: E1
n = 〈n|H ′|n〉 E2

n =
∑

k 6=n

|〈k|H ′|n〉|2
E0

n − E0
k

degenerate: diagonalize matrix 〈i|H ′|j〉

Time Dependent: cb(t) ≃ − i

~

∫ t

0

H ′
ba(t

′) ei(Eb−Ea)t
′/~ dt′

if H ′ = V (r) cosωt then: Pa→b ≈
|Vab|2
~2

sin2 ((ω0 − ω)t/2)

(ω0 − ω)2
E1 Unpolarized Light: Ra→b =

πρ(ω0)

3ǫ0~2
|q〈ψb| #–r |ψa〉|2

Selection Rules: ∆m = ±1, 0 ∆l = ±1

E1: ∆J = 0,±1 (0 6→ 0), ∆M = 0,±1 (0 6→ 0, if ∆J = 0), ∆S = 0, ∆L = 0,±1 (0 6→ 0)

~r = 〈x, y, z〉 = r〈sin θ cosφ, sin θ sinφ, cos θ〉 = r

√

2π

3
〈−Y11 + Y1−1, i(Y11 + Y1−1),

√
2 Y10〉

3 Y integral: 〈Yl3m3
|Yl2m2

|Yl1m1
〉 =

√

(2l1 + 1)(2l2 + 1)

4π(2l3 + 1)
〈l30|l1l200〉〈l3m3|l1l2m1m2〉 ∝ Clebsch-Gordan: C(l3m3; l2m2; l1m1)


