
∫ +∞

−∞

e−αx2−βx dx =

√

π

α
eβ

2/4α

∫ +∞

0

x e−αx2

dx =
1

2α

∫ ∞

0

xn e−αx dx = n!/αn+1

Hψ = ih̄∂tψ Hψ = Eψ p = −ih̄∂x [p, x] = −ih̄

∂t ψ
∗(x, t)ψ(x, t) = −∂xJ where current J =

h̄

2im
(ψ∗ ∂xψ − ψ ∂xψ

∗) =
h̄

2im
ψ∗

↔

∂x ψ

d

dt
〈ψ|A|ψ〉 = 〈ψ|∂tA|ψ〉+ 〈ψ|i[H,A]/h̄|ψ〉

σAσB = ∆A∆B ≥ 1

2
|〈ψ|i[A,B]|ψ〉|

Free Particle: up(x) =
1√
2πh̄

eipx/h̄ or uk(x) =
1√
2π

eikx where p = kh̄

f(x) =
1√
2π

∫ +∞

−∞

eikx g(k) dk g(k) =
1√
2π

∫ +∞

−∞

e−ikx f(x) dx

Particle-in-a-box with V (x) = 0 for |x| < a, but V (x) = ∞ elsewhere

E+
n =

(qh̄)2

2m
u+n (x) =

1√
a
cos(qx) where q =

(n− 1

2
)π

a
=

(2n− 1)π

2a
=

(odd N)π

2a

E−
n =

(qh̄)2

2m
u−n (x) =

1√
a
sin(qx) where q =

nπ

a
=

(2n)π

2a
=

(even N)π

2a

shifted origin: En =
(qh̄)2

2m
un(x) =

√

2

L
sin(qx) where q =

nπ

L

Particle-in-a-box with V (x) = −V0 for |x| < a, but V (x) = 0 elsewhere

z20
(h̄/a)2

2m
= V0 − κ2h̄2

2m
= E z2

(h̄/a)2

2m
=
q2h̄2

2m
= E + V0 = KE where: z = qa

E+
n =

(

z2 − z20
) (h̄/a)2

2m
u+n (x) =

{

cos(qx) |x| < a

e−κ|x| |x| > a
where tan z =

√

(z0/z)2 − 1 z ≈ (odd N)π

2

E−
n =

(

z2 − z20
) (h̄/a)2

2m
u−n (x) =

{

sin(qx) |x| < a
±e−κ|x| |x| > a

where cot z = −
√

(z0/z)2 − 1 z ≈ (even N)π

2

reflection: (shifted origin) ψ(x) =







eikx +Re−ikx x < 0
A cos qx+B sin qx 0 < x < L
Teikx x > L

where R =
i(q2 − k2) sin qL

2qk cos qL− i(q2 + k2) sin qL

Harmonic Oscillator with V (x) =
1

2
mω2x2 En = h̄ω (n+ 1

2
)

|n〉 = un(x) = NnHn(ξ) e
− 1

2
ξ2 where ξ =

√

mω

h̄
x and Hn is an nth degree polynomial

a− =

√

mω

2h̄

(

x+ i
p

mω

)

=
1√
2
(ξ + ∂ξ) a+ = a†− =

√

mω

2h̄

(

x− i
p

mω

)

=
1√
2
(ξ − ∂ξ)

[a−, a+] = 1 [H, a−] = −h̄ωa− [H, a+] = h̄ωa+ H = h̄ω

(

1

2
+ a+a−

)

a− |n〉 =
√
n |n− 1〉 a+ |n〉 =

√

(n+ 1) |n+ 1〉

Delta Function with V (x) = −αδ(x) =⇒ ∆ψ′ = −2mα

h̄2
ψ(0)

ψ(x) =
√
κ e−κ|x| where: κ = mα/h̄2 E = −κ

2h̄2

2m

ψ(x) =

{

eikx +Re−ikx x < 0
Teikx x > 0

where R =
−1

ik/κ+ 1


